Machine Learning Methods
for Neural Data Analysis

Lecture 13: Switching linear dynamical systems

Scott Linderman STATS 220/320 (NBIO220, CS339N). Winter 2021.



Agenda

o Switching linear dynamical systems (SLDS)
e Hardness of exact EM for SLDS
e Variational EM

e Coordinate Ascent VI (CAVI)



Recap: Gaussian HMM

Generative Model:

{1 Cat(ﬂ),
Z | -y ~ Cat(P, ), fort=2,....T
X |z, ~ N, 0,) fort=1,...,T

Parameters:
®=anxP,{b,0,}"
s Lo ke ZkJ k=1

Joint probability:

71 I
p(r.z10) =pe) | |G | 2] [ P 1 2)
=1 =1



Recap: The Gaussian HMM

Graphical Model

Transition
Probabilities

Discrete
Latent States

State
Means and
Covariances

Observations
(e.g. PCA loadings R ..
of each frame)



Simulated data from a Gaussian HMIM

Observation Distributions Simulated data from an HMM
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Autoregressive (AR) HMM

Generative Model:

Zl ~ Cat(ﬂ'),

z | 71 ~ Cat(P, ), fort=2,....,T

X |z~ '/’/(bzla Q. )
X | X152~ N (A X1+ D, 0,) fort=1,...,T
Parameters:

® = 1,P, {A,b, Q)5

Joint probability:

T—1 T
p(x.z10) =pe)pe | 2) | [pGar 1 2D | [P 151,20
=1 =1



Autoregressive (AR) HMM

Graphical Model

Transition
Probabilities

Discrete
Latent States . o e —p
Observations ’
(e.g. PCA loadings “ . ce s —p
of each frame)
Observation

Parameters

= |latent = observed —% = dependency
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Simulated data from an ARHMM
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Gaussian Linear Dynamical Systems

Generative Model:

X1~ /V(ba Q)a
x| x_1 ~NAx_, +b,0), fort =2,...,T.
yt\xtfv/V(Cxﬁd,R) fort=1,...,T

Parameters:

®=A,b0,C,d,R

Joint probability:

T—1 I
p(.x|0) = pe) | | pCrsr 100 ] [P0 1 %)
=1 =1




Gaussian Linear Dynamical Systems
Graphical Model

Transition @
Probabillities
Discrete
Latent States . o e —p
Observations
(e.g. PCA loadings R ..
of each frame)

State
Means and
Covariances

You can do exact EM in Gaussian LDS too.
The equivalent message passing algorithms are the Kalman filter and Kalman smoother!



Simulated data from an LDS

Simulated Latent States

Simulated Latent States

Simulated Observations
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Switching LDS: Best of Both Worlds

Global a
Parameters

Discrete

Do (e (D) o (2
Continuous o o @ e

Latent States

Observed
Neural Activity 0 0 @ 0
(AF/FQ)

O = |latent O = observed —% = dependency



State-dependent

switching probabilities

transition matrix

1.0
0.8
0.6

0.4

0.2

Zt+1

Pr(zi41 =7 | 2t = 1) = Py

probability

In each discrete state

Lt+1

Ty = A

Zt4+1

dynamics

matrices Lt

HH
HH

Lt

—+ noise

—+ noise

b

<t4+1 et—l—l

Specifying the form of the dependencies

Different linear dynamics Linear mapping from continuous latent

states to observed neural activity

observation
Yt matrix Lt

— —+ =+ noise

yr = Cxy + d + 0y

Switching Linear Dynamical System (SLDS)
Combines LDS (Kalman, 1960) and HMMs (Rabiner, 1989).

Ghahramani and Hinton (1996); Murphy (198
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Wiltschko et al. (2015)
Markowitz et al. (2018)






Calcium imaging of ~100 head ganglia
neurons in immobilized C. elegans

> s

with Nichols, Blei, Zimmer, Paninski
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Previous work suggests that this neural activity lies
on a low dimensional manifold partitioned by
behavior

\ Brain state : |
“» 't phase plot

PC2
o

PC2
o

-0.1¢

0.2 0 0.2

"o Kato et al (2015)



data

discrete latent states
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Hardness of exact EM for SLDS



Exact EM for the SLDS

E-step: Update the posterior over latent variables,

q(z,x) < p(z,x | y,0) =

p(z,x,y| 0©)

ply | ©)

As before, we only need certain expectations under ¢,

—g(z.x) [”[Zt = k]] ’

—g(z.x) [H[Zt = k]xt] ’

M-step: Update the parameters,

® < arg max

~q(z,x) [”[Zt = klxx, ] ’

—q(z.x) [IOgP(Z, X,V | @)]

T

—g(z,x) [”[Zt = klxx, ]

Unfortunately, computing the necessary expectations is a lot harder now!



Combining the latent states
SLDS as a “hybrid” state space model

» Let h, = (z,, x,) denote the hybrid discrete & continuous latent state

hl ht—i—l

Discrete

3 iy
Latent States ° e ° @ e _’
Continuous o o @ e

Latent States

Observations o o @ 0

= |latent = observed —% = dependency



Combining the latent states
SLDS as a “hybrid” state space model

» Let h, = (z,, x,) denote the hybrid discrete & continuous latent state
Hybrid
Discrete & Continuous a T 0 @ T —’
Latent States
e @ QO @

= |latent = observed —% = dependency



Exact EM for SLDS

Computing the marginal distributions

» (Consider the marginal probability of the latent states at time f:

Q(ht) — thl“' thl‘—l J'th_l“‘ thTQ(hla coeo ht—l’ ht’ ht+1’ ceoeo hT)



Exact EM for SLDS

Computing the marginal distributions

» (Consider the marginal probability of the latent states at time f:
Q(ht) — [dhl“' thl‘—l J'th_l“‘ thT Q(hl, coeo ht—l’ ht’ ht+1’ ceoeo hT)

X

—1
x ”dhl--- tht_lpml)]'[p(hs | ) plhgy | h)| X [pOy | h»]
s=1

X

I
tht+1--- thT 11 ptr 1 hep) 0G| hu)]

u=t+1




Exact EM for SLDS

Computing the marginal distributions

» (Consider the marginal probability of the latent states at time f:

o) = [hy |y |y | gl oy

—1
X ”dhl“‘ thz—1p(h1)HP(hs | hy) p(hgyy X [Py, | ht)]
s=1

T

u=t+1

2 a(h) X pQy; | h) X py(h,)



Exact EM for SLDS

Computing the forward messages « (/,)

» Consider the “forward messages”:

—1
a(h) 2 thl--- jdht_lpml)]'[p(las | hy) plhgyy | By

s=1



Exact EM for SLDS

Computing the forward messages « (/,)

» Consider the “forward messages”:

—1
a(h) 2 thl--- [dht_lpml)]'[p(las | hy) plhgyy | By

s=1

t—2
— tht—l [( J'dhl tht—Z p(hl)Hp()’S ‘ hs)p(hs+l ‘ hs))p(yt—l ‘ ht—l)p(ht ‘ ht—l)
s=1



Exact EM for SLDS

Computing the forward messages « (/,)

» Consider the “forward messages”:

r—1
() 2 thl--- jdht_lpml)]'[p(las | 1) plhysy | h)
s=1

t—2
— tht—l [( J'dhl tht—Z p(hl)Hp()’S ‘ hs)p(hs+l ‘ hs))p(yt—l ‘ ht—l)p(ht ‘ ht—l)
s=1

— tht—l at_l(ht_l)p(yt_l ‘ ht—l)p(hl‘ ‘ ht—l)

 We can compute these messages recursively!



Hardness of Exact EM for SLDS

Computing the forward messages « (/,)

 Now substitute i, = (z,, x,).
e Base case:

(21, %) = p(z) p(xy | 29)

[ [Zl =k]

K
— 2 [Cat(zl | 7) '/V(xl | bk’ Qk)]
k=1



Hardness of Exact EM for SLDS

Computing the forward messages « (/,)

 Now substitute i, = (z,, x,).
e Base case:

(21, %) = p(z) p(xy | 29)

[ [Zl =k]

K
— 2 [Cat(zl | 7) '/V(xl | bk’ Qk)]
k=1

* Second time step:

Mw

oy (Zp, Xp) = del (2, x) POV | XD (2 | 29) POy | X4, 25)

lel

»

<1=

] |] [Zzzk]

M=

[Cat % | p(z4, Y1)) (Xz | //i(ZlazzaM)az(Zl»Zzayl))

[
ol
|l

1



Hardness of Exact EM for SLDS

Computing the forward messages « (/,)

By the 7-th time step,

K K K _ ] ”[Zzzk]
af(z, X;) = Z Z Z Cat (Zt | p(zlzt—byl:t—l)) N (xt | 120 2441 Vie—1)s 242 Zl:t—la)’I:t—l))
=1 k=1 '

=1 z_

 This is still a mixture of Gaussians.

* Question: How many components does it have?



Variational EM



Bayesian inference In latent variable models

Recall our derivation of the EM algorithm

* (Goal: find parameters that maximize the marginal likelihood (aka the model evidence):

logp(y | ®) = log Jp(y,z | ©)dz

= log J @ p(y,z| ®)dz for any distribution g(z)
q(z)
~logE,. [p(y,z | ®)]
q(z)
> [, [log p(v,z| ®) —log q(z)] by Jensen's inequality
£ Zlq.0]

o £ is called the evidence lower bound or the ELBO for short.



Bayesian inference In latent variable models

Coordinate ascent on the ELBO

* E Step: Update the posterior distribution on latent variables,

q < argmax, Z|q, O]



Bayesian inference In latent variable models

Coordinate ascent on the ELBO

* E Step: Update the posterior distribution on latent variables,

q < argmax, Z|q, O]

] llog p(y,z | @)]
q(z) Q(Z)

= arg max

q



Bayesian inference In latent variable models

Coordinate ascent on the ELBO

* E Step: Update the posterior distribution on latent variables,
q < argmax, Z|q, O]

] llog p(y,z | @)]
q(z) Q(Z)

pz|yl @)]
q(2)

= arg max

q

logp(y | ©®)

= argmax, k., llog



Bayesian inference In latent variable models

Coordinate ascent on the ELBO

* E Step: Update the posterior distribution on latent variables,

q < argmax, Z|q, O]

] llog p(y,z | @)]
q(z) Q(Z)

= arg max

q

pz|y|0)
argmax, E_., [log o ] logp(y | ®)

= argmax, — KL (¢(2) | p(z | y,©)) +logp(y | ©)




Bayesian inference In latent variable models

Coordinate ascent on the ELBO

* E Step: Update the posterior distribution on latent variables,

q < argmax, Z|q, O]

] llog p(y,z | ®)]
q(z) q(Z)

= arg max

q

pzly|O)
= argmax, E llog ) ] logp(y | ®)

= argmax, — KL (¢(2) | p(z | ,©)) +logp(y | ©)
= argmin, KL (¢(2) || p(z | y, ©))




Bayesian inference In latent variable models

Coordinate ascent on the ELBO

* E Step: Update the posterior distribution on latent variables,

q < argmax, Z|q, O]

] llog p(y,z | @)]
1) q(2)

= arg max

q

ply|0)
argmax, E_., [log o ] logp(y | ©)

= argmax, — KL (¢(2) | p(z | y,©)) +logp(y | ©)
= argmin, KL (¢(2) || p(z | y,©))

 Maximizing the ELBO w.r.t. g is equivalent to minimizing the Kullback-Leibler (KL) divergence.

« The KL divergence is non-negative, and it equals zero iff g(z) = p(z | y, O).



Bayesian inference In latent variable models

The Expectation-Maximization (EM) algorithm

« M-step: Maximize the expected log probability

 E-step: Update the posterior over latent variables

q < argmax, Z|[q, O]

= arg min, KL (¢(2) || p(z | y, ©))

=p(z |y, 0)
» After each E-step, the ELBO is tight:

ZLIpiz |y, 0),0] =logp(y| O)

 EM converges to local optima of the marginal distribution.

9 Oi d 0- Nnew

Bishop (2006). Pattern Recognition and Machine Learning, Ch 9.4.




Bayesian inference In latent variable models

Variational Expectation-Maximization

 M-step: Maximize the expected log probability \

0O < = argmaxg E ,[logp(y, z, ©)]

» Variational E-step: Update the posterior, subject to g € ()

q < argmax Zlq, O]

= argmin, ., KL (¢(2) || p(z | y,©))
where @ is a set of tractable approximate posteriors.

* For example, @ could assume independence or a particular functional form.

 If @ does not contain the true posterior, the ELBO will be a strict lower bound \
on the marginal likelihood, Z[g(z), ®] < logp(y | ©).

e Optimizing over O to find the best approximation is called variational

Inference, hence the name Variational EM.
Bishop (2006). Pattern Recognition and Machine Learning, Ch 10.1




Coordinate Ascent Variational
Inference (CAVI)



Coordinate ascent VI
Warm-up example

T

z ~ Cat(x)

/‘
/0 1D Qk}§=1

x|z~ N (b,Q,)
C,d,R

y|lx~N(Cx+d,R)



JT

Coordinate ascent VI i

- = = - bk, X le
Mean field variational family " b Qd

x|z~ WNDb,0,)
C.d R

« Assume O is the set of “factored” distributions y|x~ N(Cx+d,R)

q(z, x) = q(z) g(x)
where Z and x are independent.

* This is called the mean field family.

« We want to find,

arg max,c, Z[q(z)q(x), 0] = argmin, ., KL (¢(2)g(x) || p(z, x | y, ©))



JT

Coordinate ascent VI i

Coordinate updates A e Qi

x|z~ WNDb,0,)
C.d R

Hold g(x) fixed and optimize w.r.t. g(2): v |x~ N(Cx+d.R)

Z[9(2)q(x), B] = E )40 |log p(z, X,y | ©) — log g(z) — log g(x),



Coordinate ascent VI

z ~ Cat(x)
Coordinate updates
x|z~ N, Q)
Hold g(x) fixed and optimize w.r.t. g(2): vl x~ N(Cx+d.R)

Z[q(z)q(x), O] =

—~q(2) [

= oo [10g Pz x,y | ©) —log g(z) — log g(x)]

—g(x) [logp(z, X,V | @)] — log q(z)] + C

/ {bk’ Qk}le

C,d,R



JT

Coordinate ascent VI i

Coordinate updates A e Qi

x|z~ WNDb,0,)
C.d R

Hold g(x) fixed and optimize w.r.t. g(2): v |x~ N(Cx+d.R)

Z[9(2)q(x), B] = E )40 |log p(z, X,y | ©) — log g(z) — log g(x),

— Sg(z) [_q(x) [lng(Za Xy Y ‘ ®)] o lOg Q(Z)] T C

+ C

—q(2) [log CXP { —g(x) [logp (2, %,y | ®)] } — log g(z)



JT

Coordinate ascent VI i

Coordinate updates A e Qi

x|z~ WNDb,0,)
C.d R

Hold g(x) fixed and optimize w.r.t. g(2): v |x~ N(Cx+d.R)

Z[9(2)q(x), B] = E )40 |log p(z, X,y | ©) — log g(z) — log g(x),

— Sg(z) [_q(x) [lng(Za Xy Y ‘ ®)] o lOg Q(Z)] T C

+ C

—q(2) [log CXP { —g(x) [logp (2, %,y | ®)] } — log g(z)

= 4(2) [log[j(z) — log Q(Z)] + ¢’




JT

Coordinate ascent VI

z ~ Cat(r)
- b> Oty
Coordinate updates A o0l
x|z~ N, 0)
C,d,R
Hold g(x) fixed and optimize w.r.t. g(2): bl %~ H(CrtdR)

Z[9(2)q(x), B] = E )40 |log p(z, X,y | ©) — log g(z) — log g(x),

= 42 [_q(x) log p(z,x,y | ©)| — log q(z)] +c

+ C

—q(2) [log CXP { —g(x) [logp (2, %,y | ®)] } — log g(z)

=0 [10g p(2) — log g(2)| + ¢’
= — KL (¢(2) || p(2)| + ¢’




Coordinate ascent VI i

bk’ k§=1
General form e

x|z~ WNDb,0,)
C.d R

 Thus, as a function of g(2):

Z1q(z)q(x), 0] = — KL (¢(2) H[?'(z)] + ¢’

e This is minimized when

y|x~N(Cx+d,R)

q(z) = p(z) x exp { o |logp(zx,y | ©)] }

« By symmetry, the optimal update for g(x) is

4(0) = p)  exp { Eyq, [log p(z x,v | ©)] |

* |n general, coordinate ascent for mean field variational families takes the form,

g(x;) o< exp { = ) [logp(xl, s Xiy e Xy V| G))] }



Coordinate ascent Vi e
Closed form updates for g(z) e Qdic

x|z~ WNb,Q,)
C,d,R

The optimal updates are often available in closed form,
y|x~N(Cx+d,R)

log g(z) = E,,, [logp(z, x,y | ©)] + ¢



Coordinate ascent VI

Closed form updates for ¢(z)

The optimal updates are often available in closed form,

log g(z) =

—~g(x)

—q(x)

logp(z,x,y | ©)] +¢

logp(z | ©) + logp(x | z,0) +logp(y | x,0)] + ¢

z ~ Cat(x)

x|z~WNb,0,)

y|x~N(Cx+d,R)

/ (b, O i

C,d,R



Coordinate ascent Vi e
Closed form updates for g(z) e Qdic

x|z~ WNb,Q,)
C,d,R

The optimal updates are often available in closed form,
y|x~N(Cx+d,R)

log ¢(z) = E ) |log p(z.x,y | ©)] +¢
o [logp(z | ©) +logp(x | z,0) +logp(y | x,0)| +c
= log Cat(z | =) + E [log N (x| b, QZ)] + C




Coordinate ascent Vi e
Closed form updates for g(z) e Qdic

x|z~ WNDb,0,)
C.d R

The optimal updates are often available in closed form,
y|x~N(Cx+d,R)

log g(z) = E ,y [logp(z.x,y | ©)| + ¢
logp(z | ©) + logp(x | z,0) +logp(y | x,0)] + ¢

—q(x)
= log Cat(z | m) + E, [log /(x| b, Q)] + ¢

K
= Z I[z = k](log e+ Eg o [log N (x| by, Qk)]> +C
k=1



Coordinate ascent Vi e
Closed form updates for g(z) e Qdic

x|z~ WNDb,0,)
C.d R

The optimal updates are often available in closed form,
y|x~N(Cx+d,R)

log (2) =y [logple,x,y | ©)] +¢
o [1ogp(z | ©) + logp(x | 2,0) +logp(y | x,0)| +c¢
= log Cat(z | n) + = 0 (x) [log N (x| bz’ QZ)] T

K
= Z I[z = k](log e+ Eg o [log N (x| by, Qk)]> +C
k=1

= log Cat(z | 7)

where

log 7, = log ;, + =) [log N (x| by, Qk)] +c

"expected log likelihood"

The expected log likelihood is also called the cross entropy between g(x) and p(x | 2).



JT

Coordinate ascent Vi e
Closed form updates for g(x) e Qi

x|z~ WNb,Q,)
C,d,R

Now do the same for g(x): y | x ~ H(Cx+d,R)

log g(x) = E,, |logp(z,x,y | ©)] +¢



Coordinate ascent VI

Closed form updates for g(x)

Now do the same for g(x):

log g(x)

—~q(2)

~q(2)

logp(z,x,y | ©®)| +c

logp(x | z,0)| +logp(y | x,0) + ¢

z ~ Cat(x)

x|z~WNb,0,)

y|x~N(Cx+d,R)

JT

/ (b, O i

C,d,R



Coordinate ascent VI

Closed form updates for g(x)

Now do the same for g(x):

log g(x) =

—~q(2)

~q(2)

—~q(2)

logp(z,x,y | ©®)| +c
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Now do the same for g(x): y | x ~ H(Cx+d,R)
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logp(x | z,0)] +logp(y | x,0) +c
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JT

Coordinate ascent VI

z ~ Cat(x)
Closed form updates for g(x) e
x|z~WNb,0,) C i
The final result is, bl X~ H(CrtdR
log g(x) = log /(x| i, %)
where
i=J"h > =J1
h=E, [0 'b]+C'R\(y—d) J=E, 01+ C'R™'C
K K
=Y |9z =00 b + CTR7'(y - d) =Y [qz=hQ"] + CTR™'C
k=1 k=1

In other words, the natural parameters are the expected natural parameters under g(z).
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Variational EM for SLDS

Structured mean field variational family

 Assume the variational posterior factors over discrete and
continuous states.

q(zlzT’ xl:T) — Q(leT) Q(xlzT)
where Z,.7 and x;.7 are independent.

* There can still be dependencies within each factor though!

* This is called a structured mean field family.

 \We want to find,
arg max ., Z[q(z,.7)9(x,.1), O]
= argmin , KL (q(zl;T)q(xl;T) I Py X7 | Y17 @))

05<



Variational EM for SLDS

Updating the discrete state posterior ¢(z,.,)

The optimal update for the discrete states takes the form

o0
66‘;
996

T
log g(z;.7) = log Cat(z; | @) + Z log Cat(z, | P, )

=2

—1

I K

+) Y Uz, =kllog £y +
=1 k=1
where

lOg 2tk — _q(x) [10g *A/(xt ‘ Akxt—l + bk’ Qk)]

This Is the same form as the posterior in a hidden Markov model!

But here, the log likelihoods are replaced with expected log likelihoods under g(x).



Variational EM for SLDS

Updating the continuous state posterior g(x;.;) O\ @’@ (0
OO CRNO
The optimal update for the continuous states takes the form 0 0 @ @

lOg Q(XIIT) — _q(z) [log ‘/V(xl ‘ bZI’ QZI)]
T

+ Z = (2) [log N x| Ay x + b, ta)]
=2

T
+ ) log #(y, | Cx,+d,R) +

=1

Question: can you see what form this will take?



Variational EM for SLDS

Updating the continuous state posterior g(x,.,)

The optimal update for the continuous states is the same
form as the posterior in linear dynamical system.

log g(x;.7) = N (vec(xy.p) | J h,J 1)

where

1+ C'R™'C

~
II

Q(Z)[Qz 1] T Q(Z)[AZtHQZtH Zr+1
“9l Yy, 1AZt]
h, = _q(z)[szlet] — EyplA

T
W

1+ C'R7\(y, - d)

0:.b

{p41 =41 L+

But here, the natural parameters are expectations under g(z).

0 R
O C



Variational EM for SLDS

Putting i1t all together

 M-step: Maximize the expected log probability

® « = argmaxg q(z)q(x)[log pP(y,x,2,0)]

using expected sufficient statistics.

* Variational E-step:

* Repeat until convergence:

1. Q(Z) (_~HMM(7T9 Pa 2)
where ¢ are the expected log likelihoods under g(x)

2. g(x) <—~LDS~(J~, h) \

where J and & are the expected natural parameters under g(z)

« Compute the ELBO
Z[q(2) g(x), 0] < logp(y | ©)

Bishop (2006). Pattern Recognition and Machine Learning, Ch 10.1




Conclusion

e Switching LDS combine ARHMMs and LDS to get the best of both worlds.

* They approximate nonlinear dynamical systems by switching between linear dynamical
states.

« However, posterior inference is much harder! The posterior has K I modes.

* Variational EM replaces the E step with a tractable variational approximation that minimizes
the divergence to the true but intractable posterior.

 Mean field approximations are commonly used, as they often admit simple coordinate
updates.

* |n the SLDS, we can use a structured mean field approximation that retains dependencies
across time while assuming independence of the discrete and continuous states.



Further Reading

» Barber, David. 2012. Bayesian Reasoning and Machine Learning. Cambridge
University Press. Chapter 25.

* Linderman, Scott W., Matthew J. Johnson, Andrew C. Miller, Ryan P. Adams,
David M. Blel, and Liam Paninski. 2017. “Bayesian Learning and Inference in
Recurrent Switching Linear Dynamical Systems.” In Proceedings of the 20th
International Conference on Artificial Intelligence and Statistics (AISTATS).



Approximate Message Passing




Approximating the forward messages
Assumed density filtering (ADF)

Idea: Approximate the forward messages with a tractable family of distributions <.

» For example, assume a,(h,) =~ a,(h,) € I where & is the set of Gaussian mixtures with at most M components.

Suppose we have @,_(h,_;) € &. Our target for a,(h,) is,

&t(ht) = dht—l &t—l(ht—l)P()’r—l | ht—l)p(ht | ht—l)

This may not be in !

Find the member of &f that best approximates a,(/,):
G(h) — argmin,, D(&(h) || a,(h) )

where D( - || - ) is a measure of divergence between two densities; e.g. reverse Kullback-Leibler (KL) divergence.

This is called assumed density filtering (ADF), and it is closely related to expectation-propagation (EP) and the unscented/
extended Kalman filter.
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- For example, let o/ be the set of Gaussian mixtures with parameters p,, {4, ;. Zt,k}le:

alz, x;) = 0z, alx, | z,) = Cat(z, | ) N (X, | Mtz Zt,z,;)-
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Approximating the forward messages
Assumed density filtering (ADF) with GMM messages

- For example, let o/ be the set of Gaussian mixtures with parameters p,, {4, ;. Zt,k}le:

alz, x;) = 0z, alx, | z,) = Cat(z, | ) N (X, | Mtz Zt,z,;)-

 Thetargetis

K ¢
G (2, X,) = Z dx,_1 @121 X ) POy | XD P | 22 ) POG | X102 1)

K o
= Z dx,_ o1, Ny Iy w21, )N O | Cxy +d, R)P, N (x| A x5 +D,,0,)

Z_1=1 "

K
X Z p(Zta Zt—l)‘/V('xt ‘ //t(Zt’ Zl‘—l)’ Z(Zf’ Zt—l))

z=1

« This is a GMM with K components for each assignment of z,. We want to approximate it a single Gaussian for each z,.



Approximating the forward messages
Assumed density filtering (ADF) with GMM messages

« More generally, let &f be the set of Gaussian mixtures with at most M components for each assignment of Zs

M
alz, %) = alz) alx, | z,) = Cat(z, | p,) ( Z a)t,zt,m’/’/ (x; | Mtz mo Zt,zt,k)>-

m=1

* The targetis

K

Gz X,) = Z der—l Q1 (Z1 X ) POVt | X)) P | 7)) POG | X215 221)
Z=1
K M ¢
— Z Z dxt—lpt—l,zt_l a)t,zt_l,m'/’/(xt—l | Mf—l,Zt_l,m’ Zt—l,zt_l,m) ‘/V(yt—l | C’xl‘—l + d9 R) PZt—l’Zt ‘/,/(xt | AZt'xf—l + bzt’ ta)
z_1=lm=1°

K M
X Z Z P2 2y m)’/’/(xt | (2 24y, M), 2(2 243, m))

Zt—lzl m=1

« This is a GMM with KM components for each assignment of z,. We want to approximate it with a GMM with only M components.



Approximating the forward messages

Projecting onto the set &

» Find the member of & that best approximates &,(z,, ,) by minimizing the reverse Kullback-Leibler divergence,

KL <&t(zp Xt) H &t(zp xz)> — ~a(z,,x,) llOg &t(zﬁ xt) o lOg &t(zt’ xt)]
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Approximating the forward messages

Projecting onto the set &

» Find the member of & that best approximates &,(z,, ,) by minimizing the reverse Kullback-Leibler divergence,

KL <&t(zp Xt) H &t(zp xz)> — ~a(z,,x,) llOg &t(zﬁ xt) o lOg &t(zt’ xt)]

= (zx) 108 A2, xt)] +C

(2%,

log Cat(z, | p,) + log /' (x, | Mz Zt,zt)] + C

K
1 1l Ty-1 Ty —1 I Ty-—1
— E4.(z.x) [ z , Iz, = K] <Pﬂ<—3 log| 2| — X g Xt Py 2 X My 2y ﬂtk)] T C
k=1



Projecting onto the set &

Approximating the forward messages

» Find the member of & that best approximates &,(z,, ,) by minimizing the reverse Kullback-Leibler divergence,

KL <CA¥I(ZI, Xt) H &t(zp xz)> —

log @ (z, xt)] +

&t(zz‘axt) !

&t (Ztaxt)

=G (z,,x,) llog alz,x,) —loga/z, xt)]

log Cat(z, | p,) + log /' (x, | Mz Zt,zt)] + C

K
1 1 — —
_&t(Ztaxt) [ Z ”[Zt = k] <pfk_ E log ‘ Ztk ‘ B Ext-rz Xt + IutkEtk xt - IutkEtk ﬂtk)] C

| ¥ l «—1 - _ _
= = Z <Ptk_3 log [ Zy [, Ni) + « > Ztkla Wi1) + <Ztk1//ttk’ Wio) + —3 lutkztk My Wi 3) T C

Where Nk =

k=1

_&t(ZtaXt)[l][Zt — k]]’ l/_jk,l T

~a,(z,, x,)[[l[zt — k] XXy ] l/sz —

&t(zt,xt)[l][zt = klx], i3 = N;.



