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Announcements

e Lab 6

e Add atol=1le-4tothe allclose checks.

* Please submit your 1 page project proposal tonight.



Motivating Example: summarizing videos with behavioral states

Frame O

Wiltschko et al, 2015



Motivating Example: summarizing videos with behavioral states
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The Gaussian HMM

A Gaussian HMM is just a Gaussian mixture model but where cluster assignments are linked
across time!

1 Cat(yz),
Z | z—1 ~ Cat(P, ), fort=2,...,T
X |z~ N, 0,) fort=1,...,T

lts parameters are ©® = &, P, { b,, Qk}f=1 where P € [0,11%*% is a row-stochastic
transition matrix.

Under this model, the joint probability factors as

71 I
p(x,2,0) = P(Z1)HP(Zz+1 | zt)Hp(xt | 2))
=1 =1



Bayesian inference In latent variable models

The Expectation-Maximization (EM) algorithm

 M-step: Maximize the expected log
probability

Inp(X|0)

® < argmaxg [k, [logp(x, z,0)]

 E-step: Update the posterior over latent
variables

g < p(z|x,0)

9 Oi d é Nnew

 EM converges to local maxima of the log
marginal likelihood, log p(x; ©®)

Bishop (2006). Pattern Recognition and Machine Learning, Ch 9.4.




EM for the Gaussian HMIM

The M-step

In the M-step we set,

0 = arg maxg E_[log p(x, z, O)]

As a function of the mean b, and variance Q, for cluster £, this objective is,

T
E, llogplx,z,®)] =E, Z log /' (x, | bz; Q.)+ log Cat(z, | n)
=1



EM for the Gaussian HMIM

The M-step

In the M-step we set,
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T
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K
= T4 ”[Zt =J] lOg '/V(Xz | bj, Q]) const

=1 j=1



EM for the Gaussian HMIM

The M-step

In the M-step we set,

0 = arg maxg E_[log p(x, z, O)]

As a function of the mean b, and variance Q, for cluster £, this objective is,

[Eq(z)[logp(x, 2,0)] = [Eq(z)

= Ey

T
= D Egolllz =&l

=1

T

Z log ¥(x,| b, Q,) + log Cat(z, | 7)

=1

=1 j

K

=1
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EM for the Gaussian HMIM

The M-step

In the M-step we set,

0 = arg maxg E_[log p(x, z, O)]

As a function of the mean b, and variance Q, for cluster £, this objective is,

[Eq(z)[logp(x, 2,0)] = [Eq(z)

= Ey

T
= D Eqolilz = &)

=1

T
— ZQ(Zt: k)

=1

T

Z log ¥(x,| b, Q,) + log Cat(z, | 7)

=1

=1 j

K

=1

2

const

I I TH-1
—— log| Q| _E(Xt_bk) O (= Dbp) | -

- const

| 1
<—5 log| O] — E(XZ — b)) O (x, — bk)) + const



EM for the Gaussian HMIM

The M-step

Taking derivatives and setting to zero yields the following updates,

T
T, =) q(z =k
=1
1 T
b, = ?kz q(z, = k) x,

1 T
Q== 24z = k) (= b, = by
k =1

Note: we only need the posterior marginal probabilities g(z, = k)!



EM for the Gaussian HMIM

The posterior is a little trickier than in the Gaussian mixture model

 E-step: Update the posterior over latent variables,

T—-1 I
4(2) < p | x.0) x p(x,2.0) = p@z) | | pi | 20| [ P, | 2)
=1 =1

* The normalized posterior no longer has a simple closed form!

* However, we can still efficiently compute the marginal probabilities for the M-step.



EM for the Gaussian HMIM

Computing posterior marginals

» Consider the marginal probability of state k at time t:

K K K K
g =k =Y = Y N Y G2z s = KTy e 2p)

a=1 o =lz=1 7=l



EM for the Gaussian HMIM

Computing posterior marginals

» Consider the marginal probability of state k at time t:

K K K K
g =k =Y = Y N Y G2z s = KTy e 2p)

a=1 o =lz=1 7=l

K K —1
X [Z Z P(Z1)Hp(xs | 2) P(Z,01 | 20)
s=1

z1=1 z1=1

K K T
Z Z H P, | z,_1) p(x, | Zu)]

ZH_]:l ZT:1 M=t+1

X

p(x, | zt)]

X




EM for the Gaussian HMM

Computing posterior marginals

» Consider the marginal probability of state k at time t:

K K K K
q(z, = k) = Z Z Z Z q(Z..sZ 155 = k2 g5 o5 27)

a=1 o =lz=1 7=l

K K t—1
X [2 Z P(Z1)Hp(xs | 2) P20 | 20)
s=1

z1=1 z1=1

K K T
Z Z H P, | z,-1) P, | Zu)]

Zt+1=1 ZT=1 M=t+1

2 a,(z) X p(x, | z,) X Bz

X

p(x, | zt)]

X




EM for the Gaussian HMIM

Computing the forward messages a,(z)

e Consider the

az) & Z Z p(zo]'[p(x | 2) P41 | 2,)

z1=1 z1=1



EM for the Gaussian HMIM

Computing the forward messages a,(z)

e Consider the
K

az) & Z D p(zo]'[p(x | 2) P41 | 2,)

z1=1 z1=1

K K
= Z [(Z Z p(zl)Hp(x | 2)P(Z44q | Z))P(x_1 | 2P | 221)

z1=1 7=l z =l



EM for the Gaussian HMIM

Computing the forward messages a,(z)

e Consider the

az) & Z Z p(zo]'[p(x | 2) P41 | 2,)

z1=1 z1=1
K

= Z [(Z Z p(zl)Hp(x | 2)P(Z44q | Z))P(x_1 | 2P | 221)

=1 7=l z,=1

K
— Z Clt_l(Zt_l)p(Xt_l ‘ Zt—l)p(zt ‘ Zt—l)

Z1=1

 We can compute these messages recursively!



EM for the Gaussian HMIM

Computing the forward messages «,(z,). Vectorized.

e Leta, =[a(z,=1),...,a(z,= K)]' denote the column vector of forward
messages. Then,

a,=P'(a_,OF_))
where
e _=[px_i|z_1=1),....,p(x_; | z_; = K)]' is the vector of likelihoods,
 ( denotes the element-wise product, and

+ P is the transition matrix with P;; = p(z, = j | 2, = 1)

» For the base case, let a(z;) = p(z)-



EM for the Gaussian HMIM

Computing the backward messages £,z

* Now take the backward messages:

K K I
B2 ) ) ] pGl ) p | 2)

Zt+1=1 ZT=1 I/l=t+1



EM for the Gaussian HMIM

Computing the backward messages £,z

* Now take the backward messages:

K K I
b2 ) ) 1 PGl 2P, | 2)

Zt+1=1 ZT=1 I/l=t+1

K K K T
— Z P(Zt+1 ‘ Zt)P(XtH ‘ Zt_|_1) Z Z H p(zu ‘ Zu_l)p(xu \ Zu)

Zt+1=1 Zt+2=1 ZT=1 u:t+2



EM for the Gaussian HMIM

Computing the backward messages £,z

* Now take the backward messages:

K K I
b2 ) ) 1 PGl 2P, | 2)

Zt+1=1 ZT=1 I/l=t+1

K K K T
Y PG | 2)pG 12D Y = Y T p |z pe, 1 2,)

Zt+1=1 Zt+2=1 ZT=1 u:t+2

K
Z PZq | 2D POy | 2 1) Pri1(Zig1)

=1

 Again, we can compute the backward messages recursively!



EM for the Gaussian HMIM

Computing the backward messages f(z,). Vectorized.

e Letp, = 1p(z,=1),...,p(z, = K)]' denote the column vector of
backward messages. Then,

ﬁt — P(ﬁt+1 © Lﬁt+1)

» For the base case, let f(z7) = 1.



EM for the Gaussian HMIM

Combining the forward and backward messages

« The posterior marginal probability of state k at time ¢ is,

Q(Zt — k) X at(Zt — k) Xp(xt ‘ {p = k) X ﬁt(zz — k)

= Oyl Pk
* The probabilities need to sum to one. Normalizing yields,
Al 4P

2y %l by

J

» Finally, note the marginal is invariant to multiplying a, and/or [, by a
constant.



EM for the Gaussian HMIM

Normalizing the messages to prevent underflow

 The messages involve products of probabilities, which quickly underflow.

 We can leverage the scale invariance to renormalize the messages. l.e. replace:

A = Zk&t—l,k Z/ﬂt—l,k
Olt — PT(at_l O, f—l) with 1

~/

Clt — EPT(&Z—l @ fl‘—l)

where a, are normalized for numerical stability. As before, a; = 7.

* This lends a nice interpretation: the forward messages are conditional
probabilities @, = p(z, = k | x;.,_;) and the normalization constants are

the marginal likelihoods A, = p(x, | x;.,_¢).



EM for the Gaussian HMIM

Computing the marginal likelihood

* Finally, we can compute the marginal likelihood alongside the forward messages

K K T—1 T
logp(x | @) =log Y - Y |p) [ [pGi | 2] [ 1 2)
=1 =1

lel ZT:I

K
= log Z ar(zp) pOer | z7)

7= 1

= logﬁAt = i log A,
=1 =1

» Again, makes sense since the normalization constants are A, = p(x, | x;.,_1)-



The M-step with sufficient
statistics



EM for the Gaussian HMIM

Sufficient statistics

T
- ollog (6,2, 0)] = Y gz, = 0|~ log| 0|~ 10y~ BT~ )| +¢

=1



EM for the Gaussian HMIM

Sufficient statistics

T
- ollog (6,2, 0)] = Y gz, = 0|~ log| 0|~ 10y~ BT~ )| +¢

=1

T
— Z q(z, = k) [—% log| Q, | —%xtTQk_lxt + b, 07 'x— %kaQk_lbk] +C
=1



EM for the Gaussian HMIM

Sufficient statistics

= pllog p(x, Z, ©)] = Z q(z, = k)[——log 1O, | ——(xt b)) O (x, — bk)] 1+ c
= Z 4@ = b+ log| Q| =277 5, + B0 v~ 1] 07 by | + ¢

=Zq<zt=k>[<—§log\Qk\,1> (—%QJw) (bTQk xt> <—%bJQk‘1bk,1)
=1

+ C




EM for the Gaussian HMIM

Sufficient statistics

T
= ollog p(x, 2, 0)] = Z q(z, = k) [—% log| O, | —%(xt —b) 'O (x, - bk)] +C

=1

T
= ¥ 4= k)| -~ 10g] 0| = 35707 by + b O x— 13T O | + ¢
=1
T

=Y q(z,= k) [(-g log| Q| —5b] Q;lbk,l) + (bJ Q,:%xt> + <—%Q,:%xtx? )

=1

_ <—%10g 0 —267 07 'y Tk> + <b,j Qk‘l,tk,1> + <—%Qk‘1,tk,2> e

+ C

where

T T T
To=) 4=k t,=)4qG=0x t,=) qz=kxx
=1 =1

=1

are the weighted sums of sufficient statistics.



EM for the Gaussian HMIM

Solving for the optimal Gaussian parameters

The objective we’re trying to maximize is,
1 1 _ _ 1
Z(g.0) = (= 31021 Q=367 07 b T + (BTO7 e, ) + (=107 1) + ¢

Taking the partial derivative wrt bk and setting equal to zero,

0
—Z(q,0) = Qk_ltk,1 — Qk_lkak =0
ob,,

tkl

Tk _ZQ(Zf = k) X,

=>b,j



EM for the Gaussian HMIM

Solving for the optimal Gaussian parameters

Plug in the optimum

T T
1 G 1 t 1

Z(g.0) = (=3 1081 Q| =370 T T ) + (300 o) + (570t ) + ¢
k k k

-
te 1t > e

1 1 ~A—
— <_510g | Qk‘ ; Tk> T+ <_3Qk 1, tk,z — T,



EM for the Gaussian HMIM

Solving for the optimal Gaussian parameters

et Ak — Qk_l,

-
te 181 > e

L(0,0) = (Fog Al T) + ( —FAutio ==
k

Taking the partial derivative wrt /A, and setting equal to zero,

0 T 1 te oty
g(q, ‘9) — _kA]:1 - _<tk’2 B k2%, 1 ) —0
A, > > T,

—= (AN =0) = L (¢ bt
k — X — 5 | %2
I I




EM for the Gaussian HMIM

In summary...

 E-step: Compute the posterior probabilities:

q(z, = k) < p(z, = k | x,, ®) via the forward-backward algorithm.

Compute weighted sums of sufficient statistics:

T T T
Ti=) 4=k t,=) qz=0x t,=) q&=kxx

 M-step: Update the parameters.

1 1 te ity )

b, < < t
cC T O 7\ 2 T

e Note: The updates are equivalent if we use normalized sufficient statistics, each divided by 7.



Stochastic EM for the Gaussian mixture model

« On iteration i, grab a sub-sequence (aka mini-batch) of length M.

 E-step: Compute the posterior probabilities for each data point in the mini-batch:

N (x, | by, Op)
Zi1 ﬂj/’/ (X | bja Q])

J

q9(z, = k) < p,=k|x,,0)

Compute normalized sufficient statistics for the mini-batch:

(i) I N £(0) I N 1) I S T
Tl =g L=k By=gp 2 aGu=Rn =00 ) aGn =R

Fold the normalized stats from this mini-batch into the running average via a convex combination with step size a € [0,1]:
Tk <« (1 — a)Tk + (XT](;) Ek,l <« (1 — (X)Ek,I + af]((l,)l Ek,Z «— (1 . a)fk’z + lel(é)z

« M-step: Update the parameters.




Conclusion

 Hidden Markov models (HMMs) are just mixture models with dependencies
across time.

 The EM algorithm is nearly the same as for mixture models, but we use the
forward-backward algorithm to compute posterior marginal probabillities.

* With exponential family likelihoods, the M-step only needs weighted sums of
sufficient statistics.

» Stochastic EM generalizes the EM algorithm to work with mini-batches of

data and rolling averages of the sufficient statistics. It can be seen as SGD
with natural gradients.



