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Where are we?

Model Algorithm Application
Multivariate Normal Models Conjugate Inference Bayesian Linear Regression
Hierarchical Models MCMC (MH & Gibbs) Modeling Polling Data
Probabilistic PCA & Factor Analysis MCMC (HMC) Images Reconstruction
Mixture Models EM & Variational Inference Image Segmentation
Mixed Membership Models Coordinate Ascent VI Topic Modeling
Variational Autoencoders Gradient-based VI Image Generation
State Space Models Message Passing Segmenting Video Data
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Lecture 15: Gaussian processes

P Gaussian processes and kernels
P Gaussian process regression

P Gaussian process classification via augmentation
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Gaussian processes

» Gaussian processes are distributions on

functions f : R — R. (We can generalize to

other domains as well.)

» Equivalently, a GP is a continuous set of r.v.s

{f(x) : x € RP}; i.e. a stochastic process.
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https://www.researchgate.net/figure/Illustration-of-Gaussian-process-regression-in-one-dimension-for-the-target-test_fig1_327613136
https://www.researchgate.net/figure/Illustration-of-Gaussian-process-regression-in-one-dimension-for-the-target-test_fig1_327613136
https://www.researchgate.net/figure/Illustration-of-Gaussian-process-regression-in-one-dimension-for-the-target-test_fig1_327613136

Gaussian processes Il
We say f ~ GP(u(-),K(:,)) if

[ f(xq)] u(xy) ] [K(xp,xg) oo Kxg,xy)]
L~ S E : : (1)
| f(xn)_ | u(xy)] LKy, x0) -0 K(xy, Xp)

for all finite subsets of points {xy,...,xy} C RP.

Here, u : RP — R is the mean function and K : R? x R — R is the covariance function, or
kernel.

The covariance matrix obtained by applying the covariance function to each pair of data points above
is called the Gram matrix.

The covariance function must be positive definite; i.e. the Gram matrix must be positive definite for
any subset of points.
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From linear regression to GPs

<Draw the polynonjal regression setup>
» Think back to HW1 on Bayesian linear W K
regression. \

“\\\\ 0

» Our motivating example was approximating a
D = 1 dimensional function f(x) : R — R ,
given noisy observations y, ~ A (f(x,),c%). ¥ -

» We can cast polynomial regression as linear X
regression by encoding the inputs x,, with
feature vectors,

¢ (x,) =0 xt, ..., x' 1) eRP,

6/50



From linear regression to GPs Il

More generally, let @ (x) = (¢1(x),...,dp(x)) € R” be a function that encodes x in a P-dimensional
feature space.

With these features, our linear model was,

E[y, | x,] = Z = (%)W = f(x,). 2)

Now assume a Gaussian prior, w ~ A/(0, &I). Then for any {x{,...,xy} CR,
P
f(x1) ¢1(x1) - Pp(x1) | [wa
=] : | =dw~ (0,288 ") (3)

o) aloin) o dplan)] Lws

The function f(-) is a GP! It has kernel K(x;,x;) = %qb(x,—)Tqb(xj)
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Example: radial basis functions
Instead of polynomial features, let’s use radial basis functions,

Bp(x) = e 207", @
These are un-normalized Gaussian bumps of width £ located at ¢y, ..., Cp. ‘ Ce
With this feature encoding, the kernel is,
Ao (x\T AN ) o ()
K(x:29) = 50 (x) 9 (x) = 5 D e 217 emaa s )
p=1
Now take the limit of having P — o0 equally spaced centers. Then,
o0 1 2 1 2 — (xj—x;)?
lim K(X/:X/) )LJ e_272(X,-—C) e_zTZ(Xj—C) dc = v/ mlAe 2(v/20)2 Y 7 (6)
P— oo
—00

This is called a squared exponential kernel with length scale +/2¢ and variance /¢ A.
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Demo: sampling GPs with squared exponential kernels

https://slinderman.github.io/stats305c/notebooks/15_gps.html
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The Matérn family of kernels
The Matérn family of kernels is defined by

21 [(V2vAy ’ V2vA
I'(v) ( K ( ’

K(x;,x;) =

where

> A = x;—x; is the difference of the points,

» [ is a positive length scale,
> the positive parameter v controls the smoothness of the function, and
» and K, (in a potentially confusing overloading of notation) denotes the modified Bessel function.

When v — o0, the Matérn kernel converges to the squared exponential.

A

When v = % the kernel is K(x;, x;) = e_TU, the covariance function of the Ornstein-Uhlenbeck (OU)

process, a continuous-time AR(1) process.

When v =p— % the kernel is the covariance of a continuous-time AR(p) process. 10/50



The Matérn family of kernels Il

08
=
—_—
= X
$ 0.6f .
o
C =
© Q.
8 g
<>“ 04 [e)
o
(&]

O
[S)

o

o

N
Nt
w

input distance, r

input, x
(a) (b)

Figure 4.1: Panel (a): covariance functions, and (b): random functions drawn from
Gaussian processes with Matérn covariance functions, eq. (4.14), for different values of

v, with £ = 1. The sample functions on the right were obtained using a discretization
of the z-axis of 2000 equally-spaced points.
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Stationary kernels and Bochner’s theorem

Note that both the squared exponential and the Matérn kernels are stationary in that K(x;, x;) only
depends on A;; = X; — X;.

Stationary kernels are particularly interesting because they can be defined by their power
spectrum.

Theorem (Bochner’s Theorem)

A complex-valued function K(A) on RP s the covariance function of a weakly stationary mean square
continuous complex valued random process on R if and only if it can be represented as

K(A) = J e’ ™% du(s) (8)
RD
where U is a positive finite measure.

If u has a density S(s) then S is known as the spectral density or power spectrum corresponding
to K(A). (This is Theorem 4.1 of Williams and Rasmussen [1996].)
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Power spectrum intuition

Think of u(s) as the power put into frequency s. The constraint that it be positive is akin to requiring
that the covariance be positive definite.

The Wiener-Khintchine theorem says that covariance function and the spectral density (assuming it
exists) are Fourier duals of one another,

K(A) = F S(s)e’™s A ds, 9)

J
S(s) = JF K(A)e ™A dA (10)

The variance of the process is K(0) = fS(s) ds so the spectral density must be integrable (it must
decay sufficiently fast as |s| — ©0) to define a valid process.

One nice consequence: the Gram matrix of a stationary kernel evaluated at evenly spaced points
X1,-..,Xy in 1D is a Toeplitz matrix, which can be inverted in only O(Nlog N) time using the Fourier
transform [Storkey, 1999, Cunningham et al., 2008]
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Common kernels

covariance function | expression S ND

constant o} Vi

: D

linear S g, OATaTh

polynomial (x-x' + o)

squared exponential | exp(— % v oV

v

Matérn 2v—11r(u) (\/22_1/7") K, (@T) v oV

exponential exp(—7 v oV

v-exponential exp (— (5) vV oV
. . 2 —

rational quadratic 1+ 50m)" ¢ ARV

neural network sin™! ( 2% | B%' ) v

V (1+2%T %) (1+2%/T %)

Table 4.1: Summary of several commonly-used covariance functions. The covariances
are written either as a function of x and x’, or as a function of r = |x — x|. Two
columns marked ‘S’ and ‘ND’ indicate whether the covariance functions are stationary
and nondegenerate respectively. Degenerate covariance functions have finite rank, see
section 4.3 for more discussion of this issue.

From Williams and Rasmussen [1996] 14/50



Adding and multiplying kernels

The Kernel Cookbook:
Advice on Covariance functions

by David Duvenaud

https://www.cs.toronto.edu/ duvenaud/cookbook/
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The “Automated Statistician”

Duvenaud et al. [2013] proposed a method to search over compositions of kernels to best fit the data.
The idea is very cool, but unfortunately they came up with the worst name ever.

RQ (Per +RQ) SEx ( Per+RQ)
60 40 : 50 |
40 | 30 | 40 :
|
zoWWVW\I'\ 20 | 30
| | [
0 | 10 I 20 :
|
20 0 | 10
2000 2005 2010 2000 2005 2010 2000 2005 2010

Figure 3. Posterior mean and variance for different depths
of kernel search. The dashed line marks the extent of the
dataset. In the first column, the function is only modeled
as a locally smooth function, and the extrapolation is poor.
Next, a periodic component is added, and the extrapolation
improves. At depth 3, the kernel can capture most of the
relevant structure, and is able to extrapolate reasonably.
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Outline

P Gaussian processes and kernels
P Gaussian process regression

P Gaussian process classification via augmentation
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Gaussian process regression
Now that we have a prior distribution on functions, suppose we observe (y,, x,,) pairs. Assume,

f ~ GP(u(-),K{"")) Yo~ N (f(x,),0%) (11)
independently forn=1,...,N.

Lety = [y1,..,yn] " = [u(xy),...,u(\)] ", f = [f(x1),...,f(xy)]", and K denote the Gram
matrix of x4, ...,xy. Under the GP prior,

N
p(f | (X, yn}p_y) € {]_[p(yn |f(xn)):| p(f) (12)
=N If. o' ) N (| uK) I (13)
o< N (f | ,K'), (14)

where
K=K +o1)" W =K (K u+ o %y) (15)
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Marginal distribution

Likewise, we can integrate over the random function to obtain the marginal distribution,

:

p(y)n}J ply | £) p(F) df (16)
i

- Ny | f, o) N (f | uK)df (17)

=N (y | K+ 07). (18)

This allows us to compute the marginal likelihood of the data exactly.
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Posterior predictive distribution
What is the posterior predictive distribution p(yy.1 | Xyt1, {x,,,,y,,},’qul)?

It’s one big Gaussian model,

Y1

YN

LYN-+-1

u(xy)

.UJ().(N)

| u(Xyg1)

K(x1,X1)

K(Xy,Xq)

_K(XN—I—laxl)

/

K(x1,Xy) K(XlaxN—l—l) _

K(xn>Xy) K(XN:XN—H)

K(Xnt1oXn)  K(Xnp1oXn41)

We obtain the predictive likelihood via a Schur complement,

where k = [K(X1, Xy11)s - - K(Xn> Xn11)] T € RV,

N
YN+1 | XN+15 {xn, ¥ n—1

~ </V(mN+1, VN+1)

Myg1 = W(Xyy1) + k' (K+ 07y —w)
Va1 = KO, Xiyg1) — k' (K+ 0% )Tk + 0.
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GPs are linear predictors

Assume that u(x) = 0 everywhere. Then we can write the predictive mean as,

N
Mys1 = D Ao (23)
n=1
where N %o
a, =Kk, (24)

Question: what is the complexity of computing the predictive mean?
3
O(n")
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Recall the posterior predictive distribution in Bayesian linear regression

In Bayesian linear regression, we first compute the posterior mean of the weights.

In our notation from Slide 7, the posterior mean (under an uninformative prior) was,

-é . [KN&P
"4

Ew | (v}, ] = (@@ +1) " (27y) (25)

M
pre

so the prediction would be *
—1
E[YN—I—l | XN+15 {Xn,)/n}gzl] — ¢(XN—|—1)T (‘I’T‘I’ -+ ’) (‘I’TY) (26)

Question: what is the complexity of computing the predictive mean in Bayesian linear

regression? O((;ﬁ)

Question: When is it more efficient to work with kernels rather than weights?

N>P—> w{,\‘r\\,e( SpoLe | PrN= Su\c 5("’“’”
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Lap 8: Gaussian processes

P Gaussian processes and kernels
P Gaussian process regression

P Gaussian process classification via augmentation
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GP Classification

We've seen how Gaussian processes can be used for regression problems with y, € R. What if we have
binary observations under the following model,

f~GP(u(:), K(+,-)) ¥ ~ Bern(g(f(x,))) (27)

where g : R — [0, 1] is, for example, the logistic or probit function.
This is the GP analog of logistic regression or probit regression.

As in standard logistic regression, the posterior is not available in closed form. ALl we know is,
N
p(F | x5, v} o< | | | Bern(y, | 9(f(x,))) | A (F | 1K) (28)
n=1

We will show how one can perform Bayesian inference in these models via augmentation.
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GP Classification with a probit mean function

First, consider the probit function, a.k.a. the normal c.d.f.
g(f(x)) =Pr(z<f(x)) where z~ A4(0,1). (29)

Exercise: Show that g(f(x)) = fooo A (z|f(x),1)dz.
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GP Classification with a probit mean function Il

Now plug this identity into the likelihood from (28),
p(vn | f,x,) o< Bern(y, | g(f(x,)))

= ()= (1= g F () P~

00 Iy,=1] 0 I[y,=0]
:( f N(z, | f(xn),l)dzn) ( J W(znlf(xn),l)dzn)

where

r'OC

—00
F'OC

—00

p(yn | 2,) A (2, 1 f(x,),1)dz,

p(Yn> 2 | £,%,) dz,

p(yn | z,) = {

[z, > O]
Iz, < 0]

ify,=1
ify,=0

(35)
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GP Classification with a probit mean function lli

1.0 A
_ —— prior
 05{— lknd
3 === posterior
00 T T T T T
-4 -2 0 2 4
f(x)

Figure: Augmentation scheme for GP Probit Classification [Albert and Chib, 1993, Girolami and Rogers, 2006]
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GP Classification with a probit mean function IV

This suggests the following augmentation scheme [Albert and Chib, 1993, Girolami and Rogers, 2006].
Design a Gibbs sampler to target the augmented posterior distribution,

N

ozl | o) o< [ T [p0 |20 4 o L) D[4 i) e

Exercise: Derive the conditional distributions,

p(zy | F, (X, Y }h_y) = (37)

and

p(F | {0, ¥z }h_,) = (38)
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Extra Slides

P Elliptical slice sampling
» Sparse GPs and inducing points

P Stochastic variational inference for sparse GPs
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Slice sampling intuition
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Slice sampling
Slice sampling [Neal, 2003] is a MCMC algorithm for distributions with intractable normalization
constants.

Suppose we want to sample a posterior distribution,

p(6,y)
p(6 y) = :
p(y)
Assume we can evaluate the joint probability (numerator) but not the marginal (denominator).

(39)

Slice sampling works by introducing an auxiliary variable v € R so that,

Lo ifo<u<p(e,
p(u,ely)—{”(y) fo<u=p(6,y) (40)

0 0.W.

Note that marginalizing over u recovers the posterior,

p(6.y)
fp(u,o |y)du=J0 ﬁdu:pg}’,i’) =p(0 | y). (41)

If we can sample p(u, @ | y), we can simply throw away the u’s to get samples from p(@ | y).
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Slice sampling Il

Gibbs sampling is often easy in the augmented space of (u, 0):

Given 0, the auxiliary variable u follows a uniform distribution,

p(ul0,y) o<p(u, 0 |y)= i11[0 <u<p(0,y)] o< Unif(u; [0,p(8,y)]). (42)

p(y)

Given u, the variable of interest 0 is uniformly distributed as well,

p(6 | u,y) o< p(u,0 |y) = L11[/9(0,}') > u] o< Unif(0; ©(u)), (43)

p(y)

where ©(u) = {0 : p(8’,y) > u} is a slice of parameter space with joint probability at least wv.

If we can find that slice and sample uniformly from it, we're in business!
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Slice sampling il

©(u) is generally a complex subset that is hard to sample uniformly.

Instead, we typically sampling one coordinate of @ at a time, holding the rest of fixed. (This is also a
valid Gibbs update.)

Still, we need some way of finding the slice. Neal [2003] proposes a “stepping out” procedure to
compute a 1D slice.
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Slice sampling for GPs

Consider a GP classification with 2 data points (x4, X;). Assume they are close relative to the
length-scale of a squared exponential kernel.
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Accounting for the correlated Gaussian prior

Single variable slice sampling, like all Gibbs sampling methods, suffers when the coordinates are
correlated.

For Gaussian processes, the prior induces correlations between the function values, and this can
serious impair such coordinate-wise update algorithms.

Can we reparameterize the problem so that our 1D slice is better aligned with the prior?
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A strange way to sample a Gaussian...
Suppose f ~ A(0,X). A strange but interesting way to sample f is via the following program:

vy~ A(0,%) (44)
v, ~ N (0,X) (45)
6 ~ Unif([0, 27)) (46)
f=vysinB + v, cos6 (47)

-
To see this, define ¥’ = [vo vl] and note that for any 6 € [0, 27)

(2 9)

f= [sin 01 cos 9/] v ~ JV(O, [sin 01 cos GI] [(Z): (z);} [sin 9’]) (49)

cos 01

~ N (0,(sin* O + cos” )X) = A(0, X). (50)

36/50



Elliptical slice sampling

With this sampling procedure in mind, Murray et al. [2010] proposed elliptical slice sampling.

Reparameterize f in terms of v, ¥4, 8 and sample the posterior,

p(vg, v1,0 |y) o< A (v9|0,%) A (v, |0,%)Unif(0 | [0,27)) p(y | f(vg, v1,0)) (51)

Their sampling algorithm consists of two steps:
1. Sample vy, v1,0 | y,f = vysin 6 + v, cos 0
1.1 Sample v ~ A(0,%) and 6 ~ Unif([0, 27)).
1.2 Set vy =fsin6 + vcosH and v, = fcos6 — ¥V sinH.

2. Sample 0 | v, ¥4,y by slice sampling its conditional
p(0 | vy, v1,¥) o< ply | vocosO + w;sin6).

We can think of step 2 as slice sampling on an elliptical slice, hence the name.
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Elliptical slice sampling Il

Input: current state f, a routine that samples from
N(0,X), log-likelihood function log L.

Output: a new state f'. When f is drawn from p*(f)
N (£;0,%) L(f), the marginal distribution of f’ is also p*.

1. Choose ellipse: v ~ N(0,X)
2. Log-likelihood threshold:
u ~ Uniform|0, 1]

logy « log L(f) + log u

This formulation is a little complicated. There’s no 3. Draw an initial proposal, also defining a bracket:

need to actually instantiate vy and v,. Instead, we 9 ~ Uniform]0, 27]
can just work with v and 6. [Omins Omax] — [0 27, 6]

4. f' « fcos@ + vsinf

5. if log L(f") > logy then:

6. Accept: return f’

7. else:

Shrink the bracket and try a new point:

8. if 0 <0 then: O, 0 else: Opax 0
9. 0 ~ Uniform[6umin, Omax]
10. GoTo 4.
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Elliptical slice sampling Il

— B — \\
~ \
.+

Figure 3: (a) The algorithm receives f=X as input. Step 1
draws auxiliary variate =", defining an ellipse centred at
the origin (o). Step 2: a likelihood threshold defines the
‘slice’ (—). Step 3: an initial proposal ® is drawn, in this
case not on the slice. (b) The first proposal defined both
edges of the [fmin, fmax] bracket; the second proposal (®)
is also drawn from the whole range. (c) One edge of the
bracket (—) is moved to the last rejected point such that
X is still included. Proposals are made with this shrinking
rule until one lands on the slice. (d) The proposal here (®)
is on the slice and is returned as f’. (e) Shows the reverse
configuration discussed in Section 2.3: X is the input f’,
which with auxiliary v'=% defines the same ellipse. The

brackets and first three proposals (¢) are the same. The
final proposal (®) is accepted, a move back to f.
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Computational complexity

Question: What is the computational complexity of one elliptical slice sampling update? Assume
conditionally independent Bernoulli observations, as in GP classification.
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Lap 8: Gaussian processes, elliptical slice sampling, and Bayesian optimization

» Model: Gaussian processes
» Algorithm: Elliptical slice sampling
P Algorithm: Variational Inference with Sparse GPs

» Application: Bayesian optimization
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Inducing point methods

The key limitation of GPs is the cubic complexity of inference (with quadratic memory
complexity).

One way of circumventing this complexity is via inducing points [???]. These form the basis of an
approximate model called Sparse GPs.

We follow the presentation by Hensman et al. [2013].
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Sparse GPs and Inducing Points

Consider a Gaussian process regression with inputs {x,}"_, ¢ R” and observations {y,}_, C R. As
above, lety = [yy,...,yn]" and f = [f(x1),....f(xy)]"

Introduce a set of inducing points {z,,,,}%:1 c RP with corresponding function values

Up, =f(z,).

Using the GP predictive distribution, we can write,

p(y | f) =N (y |f,0%) (52)
p(f | u) = N (f | KoK tt, K) (53)

where K., is the Gram matrix of kernel evaluations for each (x,,z,,) pair, K,,,, is the Gram matrix for
each (z,,z,,) pair, and

K= Kpnn— Kan;,%quw (54)

Note that K € RV*N, so we're still looking at O(N*) complexity.
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Variational inference for Sparse GPs

Now we will lower bound the marginal log likelihood using Jensen’s inequality,

logp(y | u) = log J p(y.f | u)df

— long(ﬂu) [p(y |f)]

> Ep(su)[log p(y | )]
é ‘Zl.

Assumep(y |f) =1

Question: what is the complexity of evaluating the bound in eq. (57)?

Question: when is the bound maximized?

.L p(y, | f(x,));i.e. the observations are conditionally independent.
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Variational inference for Sparse GPs i

Using the bound from above, we can obtain a lower bound on the marginal likelihood of the data,

integrating out the inducing variables [Titsias, 2009],

[

log p(y | X) = log J p(y | u) p(u)du

-
> log | exp{<%;}p(u)du
J

= 4%,.
After some algebra, this bound equals,
%, =log N (y | 0,KynK - K+ 02l) — 2%ZTr(k).
We can view this bound as arising from a variational approximation g(u) = A (&i, A™!) where
A=0"K KKk 2 +K
b=0""ATK_ K,y

Question: what is the complexity of computing £5?

(59)

(60)

(61)

(62)



Stochastic variational inference for Sparse GPs

Marginalizing over u coupled the observations y so that the likelihood was a multivariate Gaussian
(albeit with a low rank plus diagonal covariance).

As we briefly discussed in Lap 5: Mixed Membership Models, if the likelihood factors into a product
over data points we can use stochastic variational inference, operating on mini-batches of data
instead.

Can we do something similar here?
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Stochastic variational inference for Sparse GPs Il

Hensman et al. [2013] showed that if we explicitly represent g(u), the likelihood p(y | u) factors into a
product over the N data points.

Define a new lower bound,

logp(y | X) = Eqy [logp(y | u) + log p(u) —log g(u)] (65)
> Ey(y) [£1 + log p(u) — log g(u)] (66)
L @, (67)

and assume g(u) = A (m, S). Then the bound simplifies to,

N
_ 1 . 1
L3 = Z |:|Og‘/V(Yn | k:;_Km}nmﬁ 02) o ZT._ZKn,n o ETr(SAn] — Dy, (q(u) ” p(u))

n=1

—

68)

where ki, is the k-th column of K, and A, = o *K L k,k K *

This lower bound and its gradients wrt m and S can be approximated with Monte Carlo using

mini-batches. Hensman et al. [2013] used this trick to fit sparse GPs to millions of data points.
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Choosing the inducing points

Question: how should we obtain the inducing points?
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